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Abstrat
For a smooth manifoldM obtained as an embedding torus, A
⋃
C×[−1, 1], we onsider
the ordered onguration spae Fk(M) of k distint points in M . We show that there
is a homotopial ubial resolution of Fk(M) dened from the onguration spaes of A
and C. From it, we dedue a universal method for the omputation of the pure braid
groups of a manifold. We illustrate the method in the ase of the Möbius band.
Introdution
For a manifold M , the onguration spae of k points in M is the spae
Fk(M) =
{
(x1, . . . , xk) ∈M
×k | i 6= j ⇒ xi 6= xj
}
.
As pointed-out by R. Fox and L. Neuwirth [4℄, onguration spaes are losely related to braid
groups. In fat the fundamental group of the onguration spaes of the eulidean plane R
2
is Artin's pure braid groups [1℄. Hene, the pure braid group on k strands of a manifold M is
naturally dened as the fundamental group of Fk(M).
The aim of this paper is two-folds. On one hand, we give an expliit homotopy model for
the onguration spaes of a smooth manifold M obtained as an embedding torus desribed
below, A
⋃
C × [−1, 1]. The model is given in terms of a homotopy ubial spae, or h-
spae. On the other hand, using the previous model, we give a method for the determination
of the braid groups of a manifold. To arry on suh a alulation, one does not need to
understand the full mahinery behind the homotopy model. In fat, only basi knowledge on
the fundamental group is required.
More preisely, let A and C be two manifolds of dimension n and n−1 respetively. Denote
by ∂A the boundary of A and x two disjoint embeddings i− : C → ∂A and i+ : C → ∂A. The
homotopy olimit of the diagram C
i+
//
i− //
A is alled an embedding torus and is a topologial
n-manifold with orners:
M = A
⋃
i−×{−1}
⊔
i+×{+1}
C × [−1, 1] = hocolim
(
C
i+
//
i− //
A
)
.
In the sequel, the maps i− and i+ will be denoted by iǫ, respetively with ǫ = −1 and ǫ = +1.
This situation is suiently general as the next example shows.
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0.1 Examples
1. Let C be the interval [−1, 1] and A be the square [−1, 1]× [−1, 1].
• If the maps iǫ are dened by iǫ(x) = (x, ǫ) then M is a ylinder R2 \ {0}.
• If the maps iǫ are dened by iǫ(x) = (ǫx, ǫ) then M is the Möbius band, denoted
by M.
2. The surfaes of genus g ≥ 1, oriented and non-oriented, an be obtained with A the disk
D2 with 2g small disks removed and C the disjoint union of g opies of the irle S1.
3. If U and V are two n-manifolds, the onneted sum U#V an be obtained with A =(
U \
◦
Dn
)⊔(
V \
◦
Dn
)
and C = Sn−1.
4. If M is obtained from a manifold N by a surgery, then M an be obtained as an
embedding torus with A = (N \ Sr ×
◦
Dn−r)
⊔
(Dr+1 × Sn−r−1) and C = Sr × Sn−r−1.
Main Theorem
There exists a homotopial ubial spae Xk• , dened using the onguration spaes of A and
C and the embeddings i− and i+, suh that the geometrial realization |Xk• | has the same
homotopy type as Fk(M).
0.2 Example
When k = 2, the homotopial ubial spae model of F2(M) is given by the diagram
X2• : F2(C) d−2 //
d+1
//
d+2
//
d−1
//
C ×A
⊔
A× C
d+1
//
d−1 //
F2(A) with d
ǫ
1 ◦ d
ǫ′
2 ≃ d
ǫ′
1 ◦ d
ǫ
1.
The paper is organized as follows. Setion 1 introdues the notion of homotopial ubial
spae. The ubial resolution assoiated to the embedding torus M is desribed in Setion 2.
Finally, in Setion 3, we explain the method of omputation of the braid groups of M and
detail the ase of the Möbius band.
All spaes onsidered here are assumed to be ompatly generated and with the homotopy
type of a CW-omplex. We denote by Top the ategory of suh spaes.
Note: The setion on braid groups an be read rather independently, only Example 1.10
and SubSetion 2.1 are required to understand it.
1 Cubial Spaes
In this setion, we dene the notion of homotopial ubial spaes, or h-spaes. Those spaes
are dened as homotopy -diagrams for a well hosen ategory .
1.1 Homotopy limits and olimits
We rst expose some results of R. Vogt [12, 11℄ onerning homotopy olimit of up to homotopy
ommutative diagram of spaes.
Let C be a small ategory.
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1.1 Denition
For eah A ∈ C and B ∈ C, let
Cn(A,B) = {(fn, fn−1, . . . , f1) ∈ (Mor C)
n | fn ◦ · · · ◦ f1 : A→ B in C}, n ∈ N
∗,
C0(A,B) =
{
{idA} A = B
∅ A 6= B.
A homotopy C-diagram D, or hC-diagram, onsists of
• a map D0 : Ob C → Top,
• a olletion of maps indexed by Ob C
DB :
⊔
n≥0
⊔
A∈C
Cn+1(A,B)× I
n ×D0A→ D0B
where I = [0, 1] and suh that:
1. DB(idB; x) = x, for x ∈ D0B.
2. For n > 0, (fn, fn−1, . . . , f0) ∈ Cn+1(A,B) and (tn, tn−1, . . . , t1) ∈ I
n
,
DB(fn, tn, fn−1, tn−1, . . . , f0; x)
=

DB(fn, tn, . . . , f1; x) f0 = id,
DB(fn, tn, . . . , fi+1, ti+1ti, fi−1, . . . , f0; x) fi = id, 0 < i < n,
DB(fn−1, tn−1, . . . , f0; x) fn = id,
DB(fn, tn, . . . , fi+1, ti+1, fi ◦ fi−1, ti−1, . . . , f0; x) ti = 1,
DB(fn, tn, . . . , fi;DC(fi−1, ti−1, . . . , f0; x)) ti = 0,
with C the soure of fi.
When no onfusion is possible, we write D in plae of DB. Roughly, an hC-diagram is a kind
of funtor from C to Top in whih the equality between D(f ◦ g) and D(f) ◦ D(g) is valid
only up to a oherent homotopy, see [11, Example page 18℄. The denition of the homotopy
olimit of suh a diagram states as follows.
1.2 Denition
Let D be a hC-diagram. The homotopy olimit of D, denoted hocolimD, is dened as the
spae
hocolimD =
⊔
A,B∈C
⊔
n≥0
Cn(A,B)× I
n ×D0A
/
∼
where the relation ∼ is given by
(tn, fn, . . . , t1, f1; x)
=

(tn, fn, . . . , t2, f2; x) f1 = id,
(tn, fn, . . . , fi+1, titi−1, fi−1, . . . , f1; x) fi = id, 1 < i,
(tn, fn, . . . , ti+1, fi+1 ◦ fi, ti−1, . . . , f1; x) ti = 1, i < n,
(tn−1, fn−1, . . . , f1; x) tn = 1,
(tn, fn, . . . , fi+1;DC(fi, ti−1, . . . , f1; x)) ti = 0,
with C the soure of fi.
For p ∈ N, the image of
⊔
A,B∈C
p⊔
n=0
Cn(A,B)× I
n×D0A in hocolimD is denoted by hocolim
pD.
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1.2 The  ategory
In this paragraph, we dene the ategory . We rst introdue the sets Cnp , used in the
denition of the morphisms of .
1.3 Denition
Let ⌈1, n⌋ be the set of integers between 1 and n and
Cnp = {P ⊂ ⌈1, n⌋ | |P | = p} = {(i1, . . . , ip) ∈ ⌈1, n⌋
p | i1 < · · · < ip}
be the set of subsets of ⌈1, n⌋ of ardinal p. We dene the map ∁ : Cnp → C
n
n−p that sends an
element i = (i1, . . . , ip) to its omplement in ⌈1, n⌋. We also dene two assoiative operations
∧ and ∨:
For p < q < n, ∧ : Cpq × C
n
p → C
n
q
(j, i) = ((j1, . . . , jq), (i1, . . . , ip)) 7→ j ∧ i = (ij1 , . . . , ijq)
and for 1 ≤ p+ q ≤ k, ∨ : Cn−pq × C
n
p → C
n
p+q
(j, i) 7→ j ∨ i = i+ (j ∧ ∁i)
where + stands for the union of sets in ⌈1, n⌋. At last, we dene a map [ , ] ating like a
partial inverse for the ∨ operation:
[ , ] : Cn−pq × C
n
p → C
p+q
p
(j, i) 7→ [j, i]
where [j, i] is the only element suh that [j, i] ∧ (j ∨ i) = i.
1.4 Examples
• If i = (2, 3, 5, 7, 9, 11, 13, 17) ∈ C188 and j = (2, 4, 6) ∈ C
8
3 , then
j ∧ i = (i2, i4, i6) = (3, 7, 11) ∈ C
18
3 .
• If i = (2, 3, 5, 7, 9, 11, 13, 17) ∈ C188 and j = (1, 4, 6, 9) ∈ C
10
4 , then
∁i = (1, 4, 6, 8, 10, 12, 14, 15, 16, 18) thus j ∧ ∁i = (1, 8, 12, 16).
The set j ∨ i is given by i+ (j ∧ ∁i) = (2, 3, 5, 7, 9, 11, 13, 17) + (1, 8, 12, 16)
= (1, 2, 3, 5, 7, 8, 9, 11, 12, 13, 16, 17) ∈ C1812 .
In order to preise the set [j, i] ∈ C128 , we have to determine the position of the integers
forming i = (2, 3, 5, 7, 9, 11, 13, 17) in j ∨ i = (1, 2, 3, 5, 7, 8, 9, 11, 12, 13, 16, 17). We de-
due [j, i] = (2, 3, 4, 5, 7, 8, 10, 12).
We an use the operation [ , ] to extend the denition of ∨ to a oloring of the integers
forming i and j.
1.5 Denition
For i = (i1, . . . , ip) ∈ C
n
p , ǫ = (ǫ1, . . . , ǫp) ∈ {−1, 1}
p
, j = (j1, . . . , jq) ∈ C
n−p
q and ǫ
′ =
(ǫ′1, . . . , ǫ
′
q) ∈ {−1, 1}
q
, we dene ǫ′′ = (ǫ′′1, . . . , ǫ
′′
p+q) ∈ {−1, 1}
p+q
as
ǫ′′lα = ǫα with l = [j, i] ∈ C
p+q
p and α ∈ ⌈1, p⌋,
ǫ′′sβ = ǫ
′
β with s = ∁l ∈ C
p+q
q and β ∈ ⌈1, q⌋.
When no onfusion is possible, the element ǫ′′ ∈ {−1, 1}p+q is denoted by ǫj∨i.
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1.6 Denition
The ategory  is dened by
Ob = N
Mor(p, r) =

{
f ǫii | i ∈ C
p−r
p , ǫi ∈ {−1, 1}
p−r
}
p > r, with f
ǫj
j ◦ f
ǫi
i = f
ǫj∨i
j∨i ,
{idp} p = r,
∅ p < r.
For p ∈ N, we also dene p as the full subategory of  whose objets are ⌈0, p⌋.
We nally prove some assumptions on the operations dened on the spaes C∗∗ . These laims
are onvenient for proving the existene of a h-spae struture.
1.7 Proposition
(1) For j ∈ Cpq and i ∈ C
n
p , ∁(j ∧ i) = (∁j) ∨ (∁i).
(2) For j ∈ Cn−pq and i ∈ C
n
p , (∁j) ∧ (∁i) = ∁(j ∨ i).
(3) For j ∈ Cn−pq and i ∈ C
n
p , [j, i] is the only element of C
p+q
p whih satises the relation
∁[j, i] ∧ (j ∨ i) = j ∧ ∁i.
(4) For k ∈ Cn−p−qr , j ∈ C
n−p
q and i ∈ C
n
p ,
[k ∨ j, i] = [j, i] ∧ [k, j ∨ i] and [k, j ∨ i] = [k, j] ∨ [k ∨ j, i].
Proof. Let j ∈ Cpq and i ∈ C
n
p , the relations (1) and (2) follow from the equalities
j ∧ i = (j ∧ i) ∩ i = ∁(∁j ∧ i) ∩ i = ∁(∁j ∧ i+ ∁i) = ∁(∁j ∨ ∁i).
Let k ∈ Cn−p−qr , j ∈ C
n−p
q and i ∈ C
n
p . Observe that j ∧ ∁i = (j ∨ i) \ i and ∁k ∧ (j ∨ i) =
(j ∨ i) \ (k ∧ (j ∨ i)). Hene, we have the equivalene
k ∧ (j ∨ i) = i⇐⇒ ∁k ∧ (j ∨ i) = (j ∨ i) \ i = j ∧ ∁i.
This shows the relation (3).
Let k ∈ Cn−p−qr , j ∈ C
n−p
q and i ∈ C
n
p , we have
[j, i] ∧ [k, j ∨ i] ∧ (k ∨ j ∨ i) = [j, i] ∧ (j ∨ i) = i.
The rst equality of (4) follows from the uniity of the element [k∨j, i]. Furthermore, we have
∁[k, j] ∧ ∁[k ∨ j, i] ∧ (k ∨ j ∨ i) = ∁[k, j] ∧ (k ∨ j) ∧ ∁i = k ∧ ∁j ∧ ∁i = k ∧ ∁(j ∨ i).
Thus, the seond equality of (4) follows from (3). 
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1.3 h-spaes
1.8 Denition
A homotopial ubial spae, or h-spae, is dened as a h-diagram. If X• is a h-spae,
we depit this diagram as a ubial omplex
d−1 //
d+5
// X4
d−1 //
d+4
// X3
d−1 //
d+3
// X2
d−1 //
d+2
////
// X1
d−1 //
d+1
// X0
with the onventions Xi = X(i) and d
ǫ
i = X(f
ǫ
i ) : Xp → Xp−1 for f
ǫ
i ∈ Mor(p, p− 1). Finally
the geometrial realization of X•, is dened as hocolimX• and denoted by |X•|. We dene
analogously a hp-spae as a hp-diagram. We also denote by X≤p the image of p by X .
Observe that the new diagram X≤p inherits a hp-spae struture from the h-spae X•.
The geometrial realization of X• an be obtained by indution in the following way (see Segal
[8℄ for the simpliial ase).
1.9 Proposition (Indutive onstrution of the geometrial realization)
Let X• be h-spae. For every i ∈ N
∗
, there exists a map Φi : ∂([−1, 1]
i)×Xi → |X≤i| suh
that the square
∂([−1, 1]i)×Xi
Φi //
 _

|X≤i−1| _

[−1, 1]i ×Xi // |X≤i|
is a pushout. Furthermore, the geometrial realization of X• is the olimit of
|X≤1| → |X≤2| → · · · → |X≤i| → |X≤i+1| → · · ·
1.10 Example (Geometrial realization of a h2-spae)
Start with a h2-spae
X• : X2
d+2
//d
−
2
//
d+1
//
d−1 //
X1
d+1
//
d−1 //
X0 .
From the denition of homotopy olimit (1.2), we have |X≤0| = X0 and
|X≤1| = hocolim
(
X1
d+1
//
d−1 //
X0
)
= X1 × [−1, 1]
⋃
(x1,ǫ)∼dǫ1(x1)
X0
= colim (X1 ← X1 × {−1, 1} → |X≤0|) .
The h2-spae X• is the image of the ategory 2 represented below
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f+2
f−2
f−1 f
+
1
f+1
f+1
f+1
f+1
f−1
f−1
f−1 f
−
1
f++1,2
f+−1,2f
−−
1,2
f−+1,2
2 1
1
1
1
0
0 0
0
where all of the four external edges of the form 1 : 0 f
−
1 1
//oo f+1 0 are
identied. Observe that the struture of h2-spae is equivalent to the existene of homotopies
d−1 d
−
2 ≃ d
−
1 d
−
1 , d
+
1 d
−
1 ≃ d
−
1 d
+
2 , d
+
1 d
+
2 ≃ d
+
1 d
+
1 and d
−
1 d
+
1 ≃ d
−
2 d
+
1 . Hene for every x2 ∈ X2, we an
dene a path φ1 of |X≤1| as the restrition at x2 of the homotopy between d
−
1 d
−
2 and d
−
1 d
−
1 .
Similarly, dene φ2, φ3 and φ4 as the restritions of the homotopies d
+
1 d
−
1 ≃ d
−
1 d
+
2 , d
+
1 d
+
2 ≃ d
+
1 d
+
1
and d−1 d
+
1 ≃ d
−
2 d
+
1 . Also denote by id the identity on [−1, 1]. One onstrut a loop Φ2(x2, •)
in |X≤1| as follows:
d−1 (x2)× id
b b
b
b
bb
b
b
d−2 (x2)× (−id)
d+2 (x2)× id
d+1 (x2)× (−id)
φ2
φ1
φ3
φ4
Φ2(x2, •)
More preisely, Φ2(x2, •) is the following omposition of paths:
Φ2(x2, •) = φ1 ∗ (d
−
1 (x2)× id) ∗φ2 ∗ (d
+
2 (x2)× id) ∗φ3 ∗ (d
+
1 (x2)× (−id)) ∗φ4 ∗ (d
−
2 (x2)× (−id)).
We extend it as a map Φ2 : X2 × ∂[−1, 1]
2 → |X≤1|. Then we have a desription of |X≤2| as
a pushout:
X2 × ∂[−1, 1]
2 Φ2 //

|X≤1|

X2 × [−1, 1]
2 // |X≤2|
Proof (1.9). Consider a hi-spae X•. We desribe the geometrial realization of |X≤i|
using the spaes |X≤i−1| and Xi. Dene the spae Ai =
⊔
0≤j≤i
0≤n≤i
Cn(i, j) × I
n × Xi
/
∼, where
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the relations ∼ are given by
(tn, fn, . . . , t1, f1; x)
∼

(tn, fn, . . . , t2, f2; x) f1 = id,
(tn, fn, . . . , fi+1, titi−1, fi−1, . . . , f1; x) fi = id, 1 < i,
(tn, fn, . . . , ti+1, fi+1 ◦ fi, ti−1, . . . , f1; x) ti = 1, i < n,
(tn−1, fn−1, . . . , f1; x) tn = 1.
Observe that in eah relation, the element x ∈ Xi remains unmodied. Sine all the spaes
are assumed to be in Top, this implies
Ai =
⊔
0≤j≤i
0≤n≤i
Cn(i, j)× I
n ×Xi
/
∼ =
 ⊔
0≤j≤i
0≤n≤i
Cn(i, j)× I
n
/
∼
×Xi = [−1, 1]i ×Xi.
From Denition 1.2 of the homotopy olimit, we dedue that |X≤i| is obtained as the quotient
spae Ai
⊔
|X≤i−1|
/
∼ where the relation ∼ is given by
(tn, fn, . . . , t1, f1; x) ∼ (tn, fn, . . . , fi+1;DC(fi, ti−1, . . . , f1; x))
whenever ti = 0 with C the soure of fi+1. We an rephrase this result by saying that there
exists a map Φi suh that the square below is a homotopy pushout.
∂([−1, 1]i)×Xi
Φi //
 _

|X≤i−1| _

[−1, 1]i ×Xi // |X≤i| 
As a diret onsequene, we have the next result on the determination of the fundamental
group of the geometrial realization of a h-spae.
1.11 Proposition
Let X• be a h-spae, then the following spaes have the same fundamental group:
• |X•|,
• |X≤2|,
• The geometrial realization of the square spae X(0)2 //
//
//
//
X1 //
// X0 .
with X
(0)
2 a 0-skeleton of the spae X2.
A last property on h-spaes is required in order to prove the Main Theorem.
1.12 Proposition
Let X be a h-spae of the form
d−1 //
d+5
//
⊔
i+j=4
Xi,j
d−1 //
d+4
//
⊔
i+j=3
Xi,j
d−1 //
d+3
//
⊔
i+j=2
Xi,j
d−1 //
d+2
////
// X0,1
⊔
X1,0
d−1 //
d+1
// X0,0
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suh that eah map dǫα : Xp,q → Xp,q−1
⊔
Xp−1,q restrits to
dǫα : Xp,q → Xp,q−1 if α ≤ q and d
ǫ
α : Xp,q → Xp−1,q if α > q.
Then, we an form the following diagram
(X ′) :
d−1 //
d+4
// X3,0
d−1 //
d+3
// X2,0
d−1 //
d+2
// //
// X1,0
d−1 //
d+1
// X0,0
d−2 //
d+5
// X3,1
d−2 //
d+4
//
d−1
OO
d+1
OO
X2,1
d−2 //
d+3
// //
//
d−1
OO
d+1
OO
X1,1
d−2 //
d+2
//
d−1
OO
d+1
OO
X0,1
d−1
OO
d+1
OO
d−3 //
d+6
// X3,2
d−3 //
d+5
//
d−1
OO
d+2
OO
X2,2
d−3 //
d+4
// //
//
d−1
OO
d+2
OO
X1,2
d−3 //
d+3
//
d−1
OO
d+2
OO
X0,2
d−1
OO
d+2
OO
d−1
OO
d+3
OO
d−1
OO
d+3
OO
d−1
OO
d+3
OO
d−1
OO
d+3
OO
where eah line and eah olumn inherit a h-spae struture. Let |Xj,•| (resp. |X•,j|) be the
geometrial realization of the ubial spae on the j-th olumn (resp. row).
Then, the geometrial realization of X• is the same as the one of any of the h-spaes
d−1 //
d+4
// |X3,•|
d−1 //
d+3
// |X2,•|
d−1 //
d+2
// //
// |X1,•|
d−1 //
d+1
// |X0,•| and
d−1 //
d+4
// |X•,3|
d−1 //
d+3
// |X•,2|
d−1 //
d+2
////
// |X•,1|
d−1 //
d+1
// |X•,0| .
Proof. The proof is a straightforward appliation of [12, theorem 2.4℄ one we have observed
that the diagram (X ′) admits a struture of h× h-diagram (see [12, Denition 2.1℄) sine
it is dened from the h-diagram X . 
2 Cubial resolution assoiated to an embedding torus
The aim of this setion is to prove the Main Theorem. In Setion 2.1, we give a geometri
desription of the resolution Xk• whereas in Setion 2.2 we prove that the h-spae X
k
• is well
dened and augmented. The setion 2.3 is foused on the proof of the Main Theorem.
2.1 h2-spae assoiated to an embedding torus
Reall that
Ckp = {P ⊂ ⌈1, k⌋ | |P | = p} = {(i1, . . . , ip) ∈ ⌈1, k⌋
p | i1 < · · · < ip} .
We set Xkp = C
k
p × Fp(C) × Fk−p(A). This spae is naturally identied with the spae of
ongurations of k points in A
⊔
C with exatly p points in C. In this setion, we dene some
maps dǫα : X
k
p → X
k
p−1, α ∈ ⌈1, p⌋, ǫ ∈ {−1,+1} and give a geometri interpretation of them.
They will form a rst step toward the denition of the resolution X• of Fk(M).
Reall that A is a manifold with boundaries. The ollar neighborhood theorem [6, Theorem
17.1℄ asserts the existene of an embedding f : ∂A × [0, 2] → A that extends the natural
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inlusion ∂A × {0} →֒ A. Later on, we identify a point (a, t) ∈ ∂A × [0, 2] with its image by
f . This embedding allows us to dene a map r used in our onstrution. Geometrially, this
map rushes down the ollar neighborhood ∂A × [0, 2] linearly onto ∂A × [1, 2] leaving the
omplement unhanged.
2.1 Proposition
There is an injetive map r : A→ A \ (∂A× [0, 1[) whih is a weak deformation retrat of the
natural inlusion.
Proof. Dene the map R : A× [0, 2]→ A suh that for (a, s) ∈ A× [0, 2]:
R(a, s) = a if a ∈ A \ (∂A × [0, 2[),
and R((a, t), s) = f(a, s+ (2− s)t/2) if (a, t) ∈ ∂A× [0, 2].
The map r = R(•, 1) fullls the requirement. 
2.2 Denition
For 1 ≤ α ≤ p, the map dǫα : X
k
p → X
k
p−1 is dened by:
Ckp × Fp(C)× Fk−p(A) // C
k
p−1 × Fp−1(C)× Fk−p+1(A)
((i1, . . . , ip), (c1, . . . , cp), (a1, . . . , ak−p))
_
(
(i1, . . , îα, . . , ip), (c1, . . , ĉα, . . , cp), (r(a1), . . , r(aiα−α), i
ǫ(cα), r(aiα−α+1), . . , r(ak−p))
)
We give now a geometri interpretation of the maps dǫα : X
k
p → X
k
p−1.
b bb b
b
b
x◦
x⋄
xiβ xiα
x∗ x•
iǫ
r
Let ((i1, . . . , ip), (c1, . . . , cp), (a1, . . . , ak−p)) ∈ X
k
p . As already stated, this
objet is identied with a onguration of k points, (x1, . . . , xk), living in
A
⊔
C with exatly p of them in C. On the piture on the left, the map iǫ
is given by the natural inlusion of C (represented by the interval at the
top of the piture) into ∂A (represented by the other non dashed interval).
The retration r sends down vertially the points living in A.
The ation of the map dǫα on the above onguration onsists of two suessive steps:
b
b
b b
b
bx′◦
x′⋄
x′iβ
x′iα
x′∗ x
′
•
1. It pushes away from the boundaries all points in A using the retra-
tion r,
2. It sends the α-th point living in C, xiα = cα, into ∂A using the
map iǫ.
Let (x′1, . . . , x
′
k) denotes the new onguration obtained, in partiular,
x′iα = i
ǫ(xiα) = i
ǫ(cα). Observe that the use of the retration is nees-
sary sine one annot ensure that the point iǫ(cα) is not already in the
onguration (x1, . . . , xk).
Now if we assume β > α, then cβ = x
′
iβ
is the (β− 1)-th point living in C in the onguration
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(x′1, . . . , x
′
k).
b
b
b b
b
bx′′◦x′′⋄
x′′iβ
x′′iα
x′′∗ x
′′
•
Applying the map dǫβ−1, we get the result pitured on the left. The new
onguration represents the ation of dǫβ−1◦d
ǫ
α on (x1, . . . , xk) and is labeled
(x′′1, . . . , x
′′
k) on the piture.
Starting from the onguration (x1, . . . , xk), we an also send xiβ rst in A and after send xiα .
This leads to the ation of the map dǫα ◦ d
ǫ
β on the onguration (x1, . . . , xk). We an observe
that dǫβ−1 ◦ d
ǫ
α and d
ǫ
α ◦ d
ǫ
β do not agree exatly but up to homotopy. The homotopy onsists
of sliding the points x′′iα and x
′′
iβ
along the retration r as skethed below with dotted arrows.
b
b
b b
b
bx′′◦x′′⋄
x′′iβ
x′′iα
x′′∗ x
′′
•
b
b
b b
b
bx′′◦x′′⋄
x′′∗ x
′′
•
b
b
b b
b
bx′′◦x′′⋄
x′′iβ
x′′iα
x′′∗ x
′′
•
Image under dǫβ−1 ◦ d
ǫ
α Image under d
ǫ
α ◦ d
ǫ
βSliding along the retration
Observe that for both ompositions, the point x′′iα is of the form (i
ǫ(xiα), tα) ∈ ∂A× [0, 2[⊂ A
and similarly x′′iβ is of the form (i
ǫ(xiβ), tβ). The preeding homotopy onsists in modifying
the t∗ omponents of those points. It is well dened sine it is assumed that i
ǫ(xiα) 6= i
ǫ(xiβ).
As a onsequene, we have a homotopy between the two ongurations.
2.3 Proposition
If α < β and (ǫ′, ǫ) ∈ {−1,+1}2, then dǫα ◦ d
ǫ′
β ≃ d
ǫ′
β−1 ◦ d
ǫ
α.
A more general statement is proved in next setion. It provides the oherenes between the
preeding homotopies required to give a struture of h-spae to Xk• .
2.2 h-spae assoiated to an embedding torus
In this paragraph, we detail the h-spae struture of Xk• . More preisely, we exhibit maps
satisfying the relations appearing in Denition 1.1.
2.4 Proposition
X• admits a h-spae struture.
Proof. We now prove that X• admits a h-spae struture as dened in Setion 1. To prove
this result, we introdue maps b∗∗. Let i = (i1, . . . , iq) ∈ C
p
q and ǫ = (ǫ1, . . . , ǫq) ∈ {−1, 1}
q
,
q < p. The map bǫi is dened as:
bǫi : C
k
p × Fp(C)× Fk−p(
◦
A) → Ckp−q × Fp−q(C)× Fk−p+q(A)
(m, (c1, . . . , cp), (a1, . . . , ak−p)) 7→ ((∁i) ∧m, (cn1, . . . , cnp−q), (a
′
1, . . . , a
′
k−p+q))
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with n = (n1, . . . , np−q) = ∁i ∈ C
p
p−q, l = [i, ∁m] ∈ C
k−p+q
k−p , s = ∁l ∈ C
k−p+q
q ,
a′lα = aα and a
′
sβ
= iǫβ(ciβ), α ∈ ⌈1, k − p⌋, β ∈ ⌈1, q⌋.
Observe that we annot ompose two maps bǫi ; for doing that, we need to use the retration
r = R(•, 1) dened before (2.1). For instane, the map dεα introdued in Denition 2.2 agrees
with the omposite b
(ε)
(α) ◦R(•, 1). In that ase, q = 1. For a general q ≥ 1, the map b
ǫ
i ◦R(•, 1)
has a geometrial desription analogous to the one given in Setion 2.1, but sends q points of
C into A instead of just 1. We now detail the omposite with the general retration R(•, 1−t).
Let t ∈]0, 1], j ∈ Cp−qr and ǫ
′ = (ǫ′1, . . . , ǫ
′
r) ∈ {−1, 1}
r
. Consider the omposition of maps
bǫ
′
j ◦ R(•, 1 − t) ◦ b
ǫ
i , a straightforward alulus shows that this omposition is desribed as
follows:
Ckp × Fp(C)× Fk−p(
◦
A) → Ckp−q−r × Fp−q−r(C)× Fk−p+q+r(A)
(m, (c1, . . . , cp), (a1, . . . , ak−p−r)) 7→ ((∁j) ∧ (∁i) ∧m, (cn′′1 , . . . , cn′′p−q−r), (a
′′
1, . . . , a
′′
k−p+q+r))
where
• n′ = (n′1, . . . , n
′
p−q−r) = ∁j ∈ C
p−q
p−q−r, n
′′ = (nn′1, . . . , nn′p−q−r) = n
′∧n = ∁(j∨ i) ∈ Cpp−q−r,
• a′′l′α = R(a
′
α, 1− t), with l
′ = [j, i ∨ ∁m] ∈ Ck−p+q+rk−p+q and α ∈ ⌈1, k − p+ q⌋, whih implies
a′′l′
lα
= R(aα, 1− t) if α ∈ ⌈1, k − p⌋ and a
′′
l′sα
= R(iǫα(ciα), 1− t) if α ∈ ⌈1, q⌋,
• a′′s′α = i
ǫ′α(cnjα ), with s
′ = ∁l′ ∈ Ck−p+q+rr and α ∈ ⌈1, r⌋.
Observe that the expression of the elements of the form a′′∗ shows that b
ǫ′
j ◦R(•, 1− t) ◦ b
ǫ
i an
be extended to t = 1 by a ontinuous map. In that ase, we have:
• a′′l′′α = aα, for α ∈ ⌈1, k− p⌋ and l
′′ = l ∧ l′ = [i, ∁m]∧ [j, i∨ ∁m] = [j ∨ i, ∁m] ∈ Ck−p+q+rk−p .
• a′′s′′α = i
ǫ′′α(cwα) with
∣∣∣∣∣∣
s′′ = s′ + s ∧ l′ = s′ + s ∧ ∁s′ = s ∨ s′ = ∁(l ∧ l′) = ∁(l′′),
w = j ∧ n+ i = j ∧ ∁i+ i = j ∨ i,
ǫ′′ = ǫj∨i.
Sine (∁j) ∧ (∁i) ∧ m = ∁(j ∨ i) ∧ m, we reognize exatly the map b
ǫj∨i
j∨i . Finally, for eah
element
(f
ǫn
in
, tn, f
ǫn−1
in−1
, tn−1, . . . , t2, f
ǫ1
i1
; x) ∈ (Mor)n(p, p− q)× I
n−1 × (Ckp × Fp(C)× Fk−p(A))
dene Xp−q(f
ǫn
in
, tn, f
ǫn−1
in−1
, tn−1, . . . , t2, f
ǫ1
i1
; x) =
b
ǫn
in
◦R(•, 1− tn) ◦ b
ǫn−1
in−1
◦R(•, 1− tn−1) ◦ · · · ◦R(•, 1− t2) ◦ b
ǫ1
i1
◦R(x, 1).
The previous alulus of bǫ
′
j ◦ R(•, 1− t) ◦ b
ǫ
i shows that the maps X∗ are well dened, give a
oherent system of homotopy, and thus dene a struture of h-spae on X•. 
Let ι denotes the inlusion of A into M . Sine ι is an injetive map, it extends to a map,
labeled d0, from Fk(A) into Fk(M).
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2.5 Proposition
There exists a homotopy between d0 ◦d
+
1 and d0 ◦d
−
1 from C
k
1 ×C×Fk−1(A) to Fk(M). Hene,
the h-spae Xk• is augmented by d0 and there is a map χ : |X
k
• | → Fk(M) indued by this
augmentation.
In the next setion, we will prove the main Theorem by showing that the map χ is a homotopy
equivalene.
Proof. Let g be the inlusion of C×[−1, 1] intoM . If (i, c, (a1, . . . , ak−1)) ∈ C
k
1×C×Fk−1(A),
then
d0 ◦ d
ǫ
1(i, c, (a1, . . . , ak−1)) = d0(r(a1), . . . , r(ai−1), i
ǫ(c), r(ai), . . . , r(ak−1)).
Dene the map H : Ck1 × C × Fk−1(A)× [−1, 1]→ Fk(M) that sends (i, c, (a1, . . . , ak−1), t) to
(ι ◦R(a1, |t|), . . . , ι ◦R(ai−1, |t|), g(c, t), ι ◦R(ai, |t|), . . . , ι ◦R(ak−1, |t|)) .
This is a homotopy between H(•,−1) = d0 ◦ d
−
1 and H(•,+1) = d0 ◦ d
+
1 . Still, we have to
hek that H is well dened. For that, we observe:
• The elements ι ◦R(a∗, |t|) are all distint sine ι ◦R(•, |t|) is injetive by onstrution.
• The elements ι ◦ R(a∗, |t|) are in A and the element g(c, t) is in C × [−1, 1]. The
intersetion C × [−1, 1] ∩A is always inluded in ∂A. But now, we have
g(c, t) ∈ ∂A⇔ t = ±1 and ι(R(ai), |t|) ∈ ∂A⇔ t = 0.
therefore, the point g(c, t) ∈ C × [−1, 1] is always distint of the points ι ◦R(a∗, |t|). 
2.3 Proof of Main Theorem
The proof relies on the Fadell-Neuwirth bration [2℄: for a manifold A without boundaries,
the projetion πk,p of the rst p omponents of Fk(A) onto Fp(A), p < k, is a ber bundle with
ber over (a1, . . . , ap) ∈ Fp(A) the spae Fk−p(A \ {a1, . . . , ap}). Observe that this statement
beomes false if A is a manifold with boundary. The following statement solves this problem
by replaing the ber by an homotopy ber. It also justies that the onguration spaes of
a manifold and of its interior have the same homotopy type.
2.6 Proposition
Let A be a manifold of interior
◦
A. Denote by r : A→ A\(∂A× [0, 1[) the retration introdued
in Proposition 2.1. The natural inlusions Fk(
◦
A)
i
→֒ Fk(A) are ber homotopy equivalenes.
In partiular, the homotopy ber of Fk(A) → Fp(A) over an element (a1, . . . , ap) ∈ Fp(A) is
Fk−p(A \ {r(a1), . . . , r(ap)}).
Proof. Observe that the following square is ommutative.
Fk(
◦
A)
  //

Fk(A)

Fp(
◦
A)
  // Fp(A)
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Furthermore, the map R : A × [0, 2] → A dened in 2.1 shows that the omposition of two
suessive maps in the line below is homotopi to the identity.
Fk(
◦
A)
  i //
R(•,1)≃R(•,0)=Id
Fk(
◦
A)
((
Fk(A)
R(•,1) //
R(•,1)≃R(•,0)=IdFk(A)
66Fk(
◦
A)
  i // Fk(A)
This proves that Fk(
◦
A) →֒ Fk(A) is a ber homotopy equivalene. 
We prove now the Main Theorem and preise the maps between the geometrial realization
|Xk• | and Fk(M).
2.7 Theorem
The map χ, indued by the augmentation d0, is a homotopy equivalene between the geometrial
realization
∣∣Xk• ∣∣ and the onguration spae Fk(M):
hocolimk Fk
(
C
⊔
A
)
≃Fk(M) = Fk
(
hocolim( C
i+
//
i− //
A )
)
.
Proof. In order to prove this theorem, we make an indution on k. If k = 1, the result is
trivial. Now, assume that the geometrial realization of Xk−1• has the same homotopy type as
Fk−1(M). In order to apply Proposition 1.12, observe that C
k
p =
(
Ck−1p−1 + {k}
)⊔
Ck−1p . Hene,
we have the equality:
Ckp × Fp(C)× Fk−p(A) = C
k−1
p−1 × Fp(C)× Fk−p(A)
⊔
Ck−1p × Fp(C)× Fk−p(A).
Consider the following diagram:
Ck−10 × F1(C)× Fk−1(A)
d+1
//
d−1 //
Ck−10 × Fk(A)
Ck−11 × F2(C)× Fk−2(A)
d+2
//
d−2 //
d−1
OO
d+1
OO
Ck−11 × F1(C)× Fk−1(A)
d−1
OO
d+1
OO
Ck−12 × F3(C)× Fk−3(A)
d+3
//
d−3 //
d−1
OO
d+2
OO
Ck−12 × F2(C)× Fk−2(A)
d−1
OO
d+2
OO
.
.
.
////
d−1
OO
d+3
OO
.
.
.
d−1
OO
d+3
OO
Ck−1p−2 × Fp−1(C)× Fk−p+1(A)
d+p−1
//
d−p−1 //
d−1
OO
d+p−2
OO
Ck−1p−2 × Fp−2(C)× Fk−p+2(A)
d−1
OO
d+p−2
OO
Ck−1p−1 × Fp(C)× Fk−p(A)
d+p
//
d−p //
d−1
OO
d+p−1
OO
Ck−1p−1 × Fp−1(C)× Fk−p+1(A)
d−1
OO
d+p−1
OO
.
.
.
////
d−1
OO
d+p
OO
.
.
.
d−1
OO
d+p
OO
Ck−1k−2 × Fk−1(C)× F1(A)
d+
k−1
//
d−
k−1 //
d−1
OO
d+
k−2
OO
Ck−1k−2 × Fk−2(C)× F2(A)
d−1
OO
d+
k−2
OO
Fk(C)
d+
k
//
d−
k //
d−1
OO
d+
k−1
OO
Ck−1k−1 × Fk−1(C)× F1(A)
d−1
OO
d+
k−1
OO
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Label Ck• the h-spae on the left hand side of the diagram and A
k
• the h-spae on the right
hand side. Proposition 1.12 shows that there exists a h-spae |Ck• |
d+
//
d− // |Ak•| and that its
geometrial realization is the same as the one of Xk• . Furthermore, |A
k
•| is also augmented by
the map d0 : Fk(A) →֒ Fk(M). This augmentation indues a map χA : |A
k
•| → Fk(M) that ts
in the following homotopy ommutative diagram (‡):
Fk(A)
d0 //
 _

Fk(M)
|Ak•|
  //
χA
::
u
u
u
u
u
u
u
u
u
|Xk• |
χ
OO
In order to study Ak• and C
k
• , dene π
M
k : Fk(M) −→ M as the projetion on the last
oordinate of Fk(M), π
A
k : C
k−1
p × Fp(C) × Fk−p(A) −→ A as the projetion on the last
oordinate of Fk−p(A) and π
C
k :
(
Ck−1p−1 + {k}
)
× Fp(C) × Fk−p(A) → C as the projetion
on the last oordinate of Fp(C). Observe that the h-spae A
k
• is augmented by the map
πAk : Fk(A) → A. Hene there is an indued map, still denoted π
A
k , from |A
k
•| to A. Also
remark that ι ◦ πAk = π
M
k ◦ d0, and onsequently the square
|Ak•|
χA //
πA
k

Fk(M)
πM
k

A ι
//M
is homotopy ommutative. We laim that this square is a homotopy pullbak. Indeed the map
χA restrits to a homotopy equivalene between the homotopy bers of the vertial maps. In
order to show it, we know from V. Puppe [7℄ that the homotopy ber of πAk : |A
k
•| → A is the
geometrial realization of the h-spae obtained by restrition to the homotopy bers. More
preisely, the homotopy ber of πAk over a ∈ A is the geometrial realization of the h-spae
below:
Ck−10 × Fk−1(A \ r(a))
.
.
.
d−1
OO
d+1
OO
Ck−1p−1 × Fp−1(C)× Fk−p(A \ r(a))
d−1
OO
d+p−1
OO
Ck−1p × Fp(C)× Fk−p−1(A \ r(a))
d−1
OO
d+p
OO
.
.
.
d−1
OO
d+p+1
OO
Ck−1k−2 × Fk−2(C)× F1(A \ r(a))
d−1
OO
d+
k−2
OO
Ck−1k−1 × Fk−1(C)
d−1
OO
d+
k−1
OO
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By our indution hypothesis, the geometrial realization of this h-spae has the homotopy
type of Fk−1(M \ r(a)). Therefore, we get the annoued homotopy pullbak. Using the same
argument with Ck• , we show that the outer square of the following diagram is also a homotopy
pullbak:
|Ck• |
dǫ //
πC
k

|Ak•|
χA //
πA
k

Fk(M)
πM
k

C
iǫ
// A ι
//M
Furthermore, we have the following equality of maps in Ck• :
dǫ1 ◦ π
C
k = r ◦ i
ǫ ◦ πCk ≃ i
ǫ ◦ πCk = π
A
k ◦ d
ǫ
p : C
k−1
p−1 × Fp(C)× Fk−p(A)→ A.
Consequently, the left square is also a homotopy pullbak. Let F be the ommon homotopy
ber of the three previous vertial arrows. Aording to Lemma 1.12, the geometrial real-
ization of the h-spae |Ck• |
d−
//
d+ // |Ak•| is the spae |X
k
• | and the geometrial realization of
C
i−
//
i+ //
A is M . Using [7℄, we know that the indued maps between those homotopy olim-
its |Xk• | → M has also F for homotopy ber. Moreover, sine the diagram (‡) is homotopy
ommutative, the square
|Xk• |
χ //
πk

Fk(M)
πk

∣∣∣∣∣∣C
i−
−→
−→
i+
A
∣∣∣∣∣∣ ≃ //M
is a homotopy pullbak. Sine the bottom map is a homotopy equivalene, the top map
χ : |Xk• | → Fk(M) is also a homotopy equivalene. 
3 Appliation to braid groups
In this setion, we explain the method to ompute the pure braid groups of M and detail the
ase of the Möbius band.
3.1 Artin braid groups
The braid groups have been introdued by E. Artin [1℄. Here we adopt the point of view where
braid groups are dened in terms of fundamental group of a onguration spae as given in [4℄
or, more generally, in [10℄. It is known that Fk(R
2) is an Eilenberg-MaLane spae K(Pk, 1)
where Pk is alled the pure braid group on k strands. We extend this denition as follows.
3.1 Denition
LetM be a onneted manifold of dimension bigger than 2. The pure braid group on k strands
of M is the group
Pk(M) = π1(Fk(M)).
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In this setion, we give a desription of the group Pk.
Let ⌈1, k⌋ be the set of integers between 1 and k. Let q1 < q2 < · · · < qk be some xed
real numbers. The image of q∗ by the the natural inlusion R ∼= R×{0} ⊂ R
2
is still denoted
q∗. The onguration Qk = (q1, . . . , qk) is the base point of the spae Fk(R
2). Finally, let
ǫ = inf i 6=j |qj − qi|/2 and ~ǫ = (ǫ, 0) ∈ R
2
.
For (i, j) ∈ ⌈1, k⌋2, we dene a path tj,i = (τ1, . . . , τk) : [0, 1] → Fk(R
2) joining the
onguration (q1, . . . , qk) to the onguration (q1, . . . , qj−1, qi+~ǫ, qj+1, . . . , qk) suh that τr(t) =
qr if r 6= j and τj(t) ∈ R×R
+
. Dene the loop αj,i : S
1 → Fk(R
2) by αj,i(ξ) = (q1, . . . , qj−1, qi+
ǫξ, qj+1, . . . , qk). The lass Aj,i ∈ π1(Fk(R
2), Qk) is dened as the homotopy lass of the loop
tj,i ∗ αj,i ∗ t
−1
j,i where ∗ denote the omposition of paths. Observe that the homotopy lass of
Aj,i is independent of the hoie of tj,i and ǫ.
Whenever no onfusion is possible, we denote in the same way the loops and their homotopy
lasses and we omit to write down the omposition operation ∗.
The element Aj,i = tj,iαj,it
−1
j,i is represented by the following diagram.
b b b b bb b b b
q1 q2 qkqi
xjAj,i
qi−1 qi+1
The r-th partile of the onguration is labeled xr, exept when it is xed at the base point
and is denoted qr in that ase.
Analogously, we dene the lass Bj,i by requesting τj(t) ∈ R×R
−
. It is represented by the
next diagram.
b b b b bb b b b
q1 q2 qkqi
xj
Bj,i
qi−1 qi+1
The lass Bj,i is related to the lasses A∗,∗ by the relation
Bj,i = A
−1
j,j−1A
−1
j,j−2 · · ·A
−1
j,i+1Aj,iAj,i+1 · · ·Aj,j−2Aj,j−1.
The following theorem gives a desription of the group Pk.
3.2 Theorem
The group Pk admits the following presentation:
Generators : Aj,i with 1 ≤ i < j ≤ k.
Relations :
(1) [Aj,i, Ar,iAr,j] = 1 if 1 ≤ i < j < r,
(2) [Ar,i, Ar,jAj,i] = 1 if 1 ≤ i < j < r,
(3) [As,r, Aj,i] = 1 if 1 ≤ i < j < r < s,
(4) [As,i, Ar,j] = 1 if 1 ≤ i < j < r < s,
(5) [As,j, A
−1
r,jAr,iAr,j] = 1 if 1 ≤ i < j < r < s,
(6) [As,j, As,rAr,iA
−1
s,r ] = 1 if 1 ≤ i < j < r < s,
where the ommutator [A,B] denotes the element A−1B−1AB.
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A omplete proof of this theorem an be found in [4, 3℄. It is also a onsequene of the next
lemma that we will use afterward.
3.3 Lemma
Let M be a manifold and Qk = (q1, . . . , qk) ∈ Fk(M) be a onguration in M .
Let U and V be two disjoint subsets of ⌈1, k⌋.
Let τ = (τ1, . . . , τk) be a path in Fk(M) starting at Qk and suh that τu is onstant if u /∈ U .
Let γ = (γ1, . . . , γk) be a loop in Fk(M) pointed at Qk suh that γv is onstant if v /∈ V .
Suppose that for all ouple (u, v) ∈ U × V and all (t1, t2) ∈ [0, 1]
2
, we have τu(t1) 6= γv(t2).
Then the loop ω = (ω1, . . . , ωk) : [0, 1] → Fk(M) dened by
{
ωu = τu ∗ 1 ∗ τ
−1
u if u ∈ U
ωv = 1 ∗ γv ∗ 1 if v ∈ V
is
well dened and is homotopi to the path γ. In partiular, if γ is a loop, we have ω = τγτ−1
and so [γ, τ ] = 1 ∈ π1(Fk(M)).
Proof. Let s ∈ [0, 1] and τu,s be the path in M dened by τu,s(t) = τu(st). Dene a loop
Ωs = (ω1,s, . . . , ωk,s) : [0, 1] → Fk(M) by
{
ωu,s = τu,s ∗ 1 ∗ τ
−1
u,s if u ∈ U
ωv,s = 1 ∗ γv ∗ 1 if v ∈ V
where the path
named 1 is the onstant path at the right point. The path Ωs is well dened beause for every
ouple (u, v) ∈ U × V and all t ∈ [0, 1], we have τu,s(t) = τu(st) 6= γv(t). Therefore, the loops
ω = Ω1 and Ω0 = 1 ∗ γ ∗ 1≃ γ are in the same homotopy lass. 
In the ase of 3 or 4 partiles, the proof of Theorem 3.2 is ontained in the following diagrams.
b b b bb b b b
b b b bb b b b
b bb b bb
[A2,1, A3,1A3,2] = 1 [A3,1, A3,2A2,1] = 1
[A4,3, A2,1] = 1 [A4,1, A3,2] = 1
[A4,2, A
−1
3,2A3,1A3,2] = 1 [A3,1, A4,3A4,2A
−1
4,3] = 1
q1 x3x2 q1 q3q2
q1 q3x2 x4
q1 x3q2 x4
q1 x3q2 x4
q1 x3q2 x4
Figure: Yang-Baxter relations for 3 or 4 partiles.
3.2 Pratial determination of Pk(M)
As pointed out in Setion 1, one does not need to know the rigorous struture of a h-spae in
order to alulate its fundamental group. To alulate the fundamental group of |Xk• |, whih
is Pk(M), the trunated realization |X
k
≤2| is enough. In fat, if (X
k
2 )
(0)
denotes a 0-skeleton
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for Xk2 , Proposition 1.11 asserts that the geometrial realization of the h-spae
Y• : (Xk2 )
(0) //
//
d+2
//
d−1 //
Xk1
d+1
//
d−1 //
Xk0
has the same fundamental group as |Xk• | whih is Pk(M) by the Main Theorem. Here, we
detail how this group an be desribed by generators and relations. Let Y• be as above and
denote by Qk ∈ Fk(A) = Y0 the ommon base point of |Y≤1| and |Y≤2|.
First step: The spae |Y≤1| is the mapping torus
|Y≤1| = hocolim
(
⌈1, k⌋ × C × Fk−1(A)
d+1
//
d−1 //
Fk(A)
)
.
In order to nd the fundamental group of |Y≤1|, we apply a Van Kampen like theorem in-
dutively for eah path-omponent of Y1 = ⌈1, k⌋ × C × Fk−1(A). If a path omponent of
Y1 = ⌈1, k⌋×C×Fk−1(A) is sent to two dierent path-omponents of Y0 = Fk(A) by the maps
d−1 and d
+
1 , we an use the usual Van Kampen theorem (see [5, Theorem 1.20℄). In the other
ase, we use the following variation whih an be easily proved.
3.4 Proposition (Van Kampen Theorem for a mapping torus)
Let f− and f+ be two maps between two arwise onneted spaes Z and Y . Let X be the
homotopy olimit of the diagram
Z
f+
//
f− //
Y
i.e.
X =
Y
⊔
Z × [−1, 1]
f+(z) ∼ (z,+1), f−(z) ∼ (z,−1)
Fix two points y0 ∈ Y and z0 ∈ Z, a path y
+
in Y from y0 to f
+(z0), a path y
−
in Y from y0
to f−(z0), and z the path in X with support {z0}× [−1, 1]. Then, there exists an isomorphism
π1(X, y0) ≈
π1(Y, y0)⋆ < ρ >
y+f+(ω)(y+)−1 ∼ ρ−1y−f−(ω)(y−)−1ρ for ω ∈ π1(Z, z0)
where ⋆ denotes the free produt of groups and ρ ∈ π1(X, y0) is the loop y
−z(y+)−1.
Seond step: In order to obtain |Y≤2|, we glue a 2-ell on top of |Y≤1| for eah point x ∈
Y2 =
(
Ck2 × F2(C)× Fk−2(A)
)(0)
. This 2-ell is attahed along the loop Φ2(x, •) : S
1 → |Y≤1|
desribed in 1.10. Also, for eah point x ∈ Y2 =
(
Ck2 × F2(C)× Fk−2(A)
)(0)
, hoose αx a path
in |X≤1| from Φ2(x, 1) to Qk. Finally, as it is well known (see [5, Proposition 1.26℄), the group
Pk(M) = π1(|X
k
• |, Qk) = π1(|Y•|, Qk) admits for presentation
π1(|X≤1|, Qk)
/
< αxΦ2(x, •)α
−1
x
∣∣ x ∈ Y2 > .
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3.3 Braids on the Möbius band M
The Möbius band M an be represented as an embedding torus with C the interval [−1, 1]
and A the square [−1, 1]× [−1, 1]. The maps iǫ are dened by iǫ(x) = (ǫx, ǫ).
We apply the method desribed in the previous setion toM. Observe that it is suient
to desribe the group Pk(M) to know the homotopy type of Fk(M) sine this spae is a
K(Pk(M), 1). Indeed, it follows from the long exat sequene of the bration
k∨
1
S1≃M \ {q1, . . . , qk−1} → Fk(M)→ Fk−1(M)
and a trivial indution.
3.5 Theorem
The group Pk(M) admits the following presentation:
• Generators: ρi for 1 ≤ i ≤ k.
• Relations:
[ρ−1i , ρ
−1
j ] = [ρj−1, ρj] · · · [ρi+1, ρj][ρj , ρi][ρj , ρi+1] · · · [ρj , ρj−1] if i < j,
[[ρi, ρj ], ρr] = 1 if i < j < r,
[[ρi, ρ
−1
r ], ρj ] = 1 if i < j < r,
[[ρj , ρi], [ρr, ρi][ρr, ρj ]] = 1 if i < j < r,
[[ρr, ρi], [ρr, ρj ][ρj , ρi]] = 1 if i < j < r,
[[ρs, ρj], [ρj , ρr][ρr, ρi][ρr, ρj]] = 1 if i < j < r < s,
[[ρs, ρj], [ρs, ρr][ρr, ρi][ρr, ρs]] = 1 if i < j < r < s.
Moreover, the image of the generator Aj,i ∈ Pk(A), j > i, by the map indued by the natural
inlusion A →֒ M is [ρj , ρi].
Proof. The group Pk(M) is the fundamental group of the geometrial realization of the
following h2-spae.(
Ck2 × F2(C)× Fk−2(A)
)(0) //////// Ck1 × C × (Fk−1(A)) //// Fk(A).
Let s = (0,−1) ∈ F2(C) and t = (0, 1) ∈ F2(C). Up to an homotopy equivalene, the
preeding diagram restrits to the following one named Y•.
Ck2 × {s, t} × {(q1, . . . , qk−2)} //
//
//
//
Ck1 × {0} × Fk−1(A) //
//
Fk(A) .
First step: We want to apply the Van Kampen Theorem 3.4 to obtain the
fundamental group of |Y≤1|. So we x r ∈ ⌈1, k⌋ and onsider the mapping
torus {r} × {0} × Fk−1(A) //
//
Fk(A) . Dene some paths in Fk(A), denoted by
yǫr, moving the base point Qk = (q1, . . . , qr−1, qr, qr+1, . . . , qk) to the onguration
(q1, . . . , qr−1, i
ǫ(0), qr, . . . , qk−1) at onstant speed along a segment like below.
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bb b
b
b b
q1 xr qk
y+r
bb b
b
b b
q1
xr
qk
y−r
The image of Aj,i ∈ π1({r} × Fk−1(A)) ≡ Pk−1, 1 ≤ i < j ≤ k, in π1(Fk(A), Qk) by the map
y−r ∗ d
−
1 (•) ∗ (y
−
r )
−1
is:

Aj,i if i < j < r,
Aj+1,i+1 if r ≤ i < j,
Aj+1,i if i < r ≤ j.
We prove the last line just above, the two others being similar. The loop y−r ∗d
−
1 (Aj,i)∗ (y
−
r )
−1
is given by the following piture
b b b b b
q1
xr
xj+1
y−r
qi
and Lemma 3.3 shows that this loop is homotopi to Aj+1,i ∈ Pk. With a slight adaptation of
the proof, we see that the image of Aj,i ∈ π1({r} × Fk−1(A)) ≡ Pk−1 in π1(Fk(A), Qk) by the
map y+r ∗ d
+
1 (•) ∗ (y
+
r )
−1
is:

Aj,i if i < j < r,
Aj+1,i+1 if r ≤ i < j,
A−1j+1,rAj+1,iAj+1,r if i < r ≤ j.
Let zr be the path in |Y≤1| with support the segment
r × {0} × (q1, . . . , qk−1)× [−1, 1] ⊂ C
k
1 × C × (Fk−1(A))× [−1, 1] ⊂ |Y≤1|.
b b b b b b
q1
xr
qk
zr
y−r
y+r
We nally dene the loop ρr = y
−
r zr(y
+
r )
−1 ∈ π1(|Y≤1|). Proposition 3.4 asserts that the spae
|Y≤1| admits the following presentation:
F(ρ1, . . . , ρk) ⋆ Pk/R1
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where the relations R1 are given by:
[Aj,i, ρr] = 1 if i < j < r or r < i < j,
A−1j,rAj,iAj,rρ
−1
r A
−1
j,i ρr = 1 if i < r < j.
Seond step: The spae |Y≤2| is obtained by gluing a 2-ell for eah element of C
k
2 ×{s, t} ≡
Ck2 × {s, t} × {(q1, . . . , qk−2)} to the spae |Y≤1|. Fix (p, q) ∈ C
k
2 . We arry out the details for
the 2-ell assoiated to the point ((p, q), s).
First, we reall the paths φ1, φ2, φ3 and φ4 dened in Example 1.10. They are briey shem-
atized in the following way:
b
b
xq
φ1
b
b
xq
xp
φ3
∂A
∂A
xq
xp
xp
xq
φ4
φ2
∂A
∂A
∂A
∂A
xp
For the sake of larity, the paths φ1 and φ3 are only pitured between the times 0 and
3
4
. Also,
the points xi for i /∈ {p, q}, whih stay motionless, are represented by a dotted line. Reall
that the 2-ell is attahed to the spae |Y≤1| along the loop
Φ2(((p, q), s), •) = φ1D
−
1 φ2D
+
2 φ3D
+
1 φ4D
−
2
where the paths Dǫ∗ are dened like in Example 1.10. They are represented in the following
way:
D+2 = d
+
2 ((p, q), s)× id, D
+
1 = d
+
1 ((p, q), s)× (−id),
D−1 = d
−
1 ((p, q), s)× id, D
−
2 = d
−
2 ((p, q), s)× (−id).
A onvenient way to study the homotopy lass of this 2-ell attahment is to split the om-
position of path into a omposition of well pointed loops. We dene eight paths α1, . . . , α8 in
Fk(A) = Y0 with origin the base point (q1, . . . , qk) suh that the following loop, named ω, is
well dened:
(α1φ1α
−1
2 )(α2D
−
1 α
−1
3 )(α3φ2α
−1
4 )(α4D
+
2 α
−1
5 )(α5φ3α
−1
6 )(α6D
+
1 α
−1
7 )(α7φ4α
−1
8 )(α8D
−
2 α
−1
1 )
In the rest of the proof, the paths α∗ onsist in moving the points of the onguration linearly
and with onstant speed as in the following pitures.
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b b b b b b
xp
xq
α1
b b b b b b
α2
b b b b b b
α3
b b b b b b
α4
b b b b b b
α8
b b b b b b
α5
b b b b b b
α6
b b b b b b
α7
xp xq
xp
xq
xp
xq
xp xq xp
xq
xp
xq
xp
xq
The 8 paths used for splitting ω
The nal step for the determination of the homotopy lass ω onsists in drawing the various
loops arising from the previous splitting. For example, onsider the loop α5φ3α
−1
6 :
b b b b b b
xp
xq
b b b b b b
xp
xq
b bb b
xpxq
b b b b b b
xp xq
b
b
∗ ∗ ≃
To nd its homotopy lass, observe that α5 and α
−1
6 an be re-parametrized suh that the p-th
point is moved before the q-th one. Hene, α5φ3α
−1
6 ≃A
−1
q,p as pitured below.
b b b b b b
xp
xq
b b b b b b
xp
xq
b bb b
xp
xq
b
b
b b b b
xp xq
b
b∗ ∗ ≃
A diret appliation of Lemma 3.3 shows that the three loops α1φ1α
−1
2 , α3φ2α
−1
4 and α7φ4α
−1
8
are all nullhomotopi.
Also the maps d−1 sends ((p, q), s) in {q}× Fk−1(A). The loop α2D
−
1 α
−1
3 is pitured below.
b b b b b b
xp
xq
b b b b b b
xp xq
b bb b
xp
xq
b b b b b b
xp
xq
b
b
∗ ∗ ≃
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Observe that up to the position of the p-th partile, D−1 is the path zq. Hene, using
the lemma 3.3, we ome to the onlusion that α2D
−
1 α
−1
3 ≃ ρq. The ases (α4D
+
2 α
−1
5 )≃ ρp,
(α6D
+
1 α
−1
7 )≃ ρ
−1
q and (α8D
−
2 α
−1
1 )≃ ρ
−1
p are obtained analogously. Finally, the homotopy lass
of the loop ω is ρqρpA
−1
q,pρ
−1
q ρ
−1
p .
In a similar way, the 2-ell assoiated to the element ((p, q), t), one split and pointed at
Qk, is attahed along the loop Bq,p ∗ ρq ∗ 1 ∗ ρp ∗ 1 ∗ ρ
−1
q ∗ 1 ∗ ρ
−1
p ≃Bq,pρqρpρ
−1
q ρ
−1
p .
As proved in Setion 3.2, the group Pk(M) = π1(|Y≤2|, Qk) admits the presentation:
F(ρ1, . . . , ρk) ⋆ Pk/R2
where the relations R2 are given by:
(a) [Aj,i, ρr] = 1 if i < j < r or r < i < j,
(b) A−1j,rAj,iAj,rρ
−1
r A
−1
j,i ρr = 1 if i < r < j,
(c) Bq,p = [ρ
−1
p , ρ
−1
q ] if p < q,
Aq,p = [ρq, ρp] if p < q.
The nal step of the proof onsists of a simpliation of the presentation. For that, we
rst replae Aq,p with [ρq, ρp] in the previous relations.
(a) If i < j < r or r < i < j, then [Aj,i, ρr] = [[ρj , ρi], ρr] = 1.
(b) If i < r < j, then A−1j,rAj,iAj,rρ
−1
r A
−1
j,i ρr = ρ
−1
r ρ
−1
j (ρrρ
−1
i ρjρiρ
−1
j ρ
−1
r ρjρ
−1
i ρ
−1
j ρi)ρjρr = 1
whih implies ρrρ
−1
i ρjρiρ
−1
j ρ
−1
r ρjρ
−1
i ρ
−1
j ρi = 1 i.e. [ρr, [ρi, ρ
−1
j ]] = 1.
() The relation Bj,i = A
−1
j,j−1A
−1
j,j−2 · · ·A
−1
j,i+1Aj,iAj,i+1 · · ·Aj,j−2Aj,j−1 in Pk implies
[ρ−1i , ρ
−1
j ] = [ρj−1, ρj][ρj−2, ρj ] · · · [ρi+1, ρj ][ρj , ρi][ρj , ρi+1] · · · [ρj , ρj−2][ρj , ρj−1].
Observe that, as a onsequene of relation (a), we have [[ρj , ρi], [ρs, ρr]] = [Aj,i, As,r] = 1 for
i < j < r < s or r < i < j < s. In fat, these are two of the Yang-Baxter relations given
in 3.2 ((3) and (4)). Finally, the remaining Yang-Baxter relations translate into the following
relations.
[Aj,i, Ar,iAr,j] = 1 ⇒ [[ρj , ρi], [ρr, ρi][ρr, ρj]] = 1 if i < j < r,
[Ar,i, Ar,jAj,i] = 1 ⇒ [[ρr, ρi], [ρr, ρj][ρj , ρi]] = 1 if i < j < r,
[As,j, A
−1
r,jAr,iAr,j] = 1 ⇒ [[ρs, ρj ], [ρj, ρr][ρr, ρi][ρr, ρj ]] = 1 if i < j < r < s,
[As,j, A
−1
s,rAr,iAs,r] = 1 ⇒ [[ρs, ρj ], [ρs, ρr][ρr, ρi][ρr, ρs]] = 1 if i < j < r < s. 
Of ourse, we an iterate the onstrution by attahing a dimension 2 dis D2 along the
boundary of the Möbius band in order to obtain the projetive plane RP 2. In the partiular
ase k = 2, we reover a result from J. van Buskirk[9℄.
3.6 Corollary ([9℄)
The pure braid group on 2 strands of the projetive plane RP 2 is isomorphi to the group of
the quaternions Q8.
Conguration spaes of an embedding torus and ubial spaes 25
Referenes
[1℄ E. Artin. Theory of braids. Ann. of Math. (2), 48:101126, 1947.
[2℄ E. Fadell and L. Neuwirth. Conguration spaes. Math. Sand., 10:111118, 1962.
[3℄ E. R. Fadell and S. Y. Husseini. Geometry and topology of onguration spaes. Springer Mono-
graphs in Mathematis. Springer-Verlag, Berlin, 2001.
[4℄ R. Fox and L. Neuwirth. The braid groups. Math. Sand., 10:119126, 1962.
[5℄ A. Hather. Algebrai topology. Cambridge University Press, Cambridge, 2002.
[6℄ J. W. Milnor and J. D. Stashe. Charateristi lasses. Prineton University Press, Prineton,
N. J., 1974. Annals of Mathematis Studies, No. 76.
[7℄ V. Puppe. A remark on homotopy brations. Manusripta Math., 12:113120, 1974.
[8℄ G. Segal. Categories and ohomology theories. Topology, 13:293312, 1974.
[9℄ J. van Buskirk. Braid groups of ompat 2-manifolds with elements of nite order. Trans. Amer.
Math. So., 122:8197, 1966.
[10℄ V. V. Vershinin. Braid groups and loop spaes. Uspekhi Mat. Nauk, 54(2(326)):384, 1999.
[11℄ R. M. Vogt. Homotopy limits and olimits. Math. Z., 134:1152, 1973.
[12℄ R. M. Vogt. Commuting homotopy limits. Math. Z., 153(1):5982, 1977.
Université de Lille 1
Département de Mathématiques  UMR 8524
59655 Villeneuve d'Asq Cedex, Frane
jourdanmath.univ-lille1.fr
